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TM-Radiation From an Obliquely Flanged
Parallel-Plate Waveguide

Jae Yong Kwon, Member, IEEE, Jae Wook Lee, Associate Member, IEEE, and Hyo Joon Eom, Senior Member, IEEE

Abstract—Electromagnetic TM wave radiation from an
obliquely flanged parallel-plate waveguide is studied. The
Fourier-transform/series and Green’s formula is used to represent
the scattered wave and the simultaneous equations for the modal
coefficients are formulated. Residue calculus is utilized to obtain
a fast-convergent series solution. Numerical evaluation shows the
behaviors of transmission, reflection, and radiation in terms of
junction geometry and operating frequency.

Index Terms—Fourier transform, mode matching, residue arith-
metic, waveguide bends.

I. INTRODUCTION

E LECTROMAGNETIC radiation from a flanged par-
allel-plate waveguide is an important subject due to its

flush-mounted antenna and waveguide junction applications.
Radiation from a right-angled, infinitely flanged parallel-plate
waveguide has been extensively studied and its behaviors
are well understood [1] and [2]. Radiation from an obliquely
flanged parallel-plate waveguide is of some theoretical interest,
but its radiation study is relatively very little [3], [4]. Scattering
from an infinite number of inclined strips [5] and inclined
parallel-plate waveguides [6] have been also studied with
mode-matching technique. In this paper, we intend to study
transverse-magnetic-to-wave-propagation (TM) wave radiation
from an obliquely flanged parallel-plate waveguide, using the
Fourier transform and series representations. In Sections II and
III, we will present convergent series solutions for reflection,
transmission, and radiation, and illustrate their numerical
behaviors.

II. TM FIELD REPRESENTATIONS

Consider a TM wave radiating from an obliquely flanged par-
allel-plate waveguide into a conducting plane as shown in Fig. 1.
When a conducting plane is removed, the scattering geometry
becomes a half-space radiation problem. The wavenumber is
( , : wavelength) and an time–harmonic conven-
tion is suppressed.

In region (I), the total incident and reflected fields are

(1)
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Fig. 1. Obliquely flanged parallel-plate waveguide.

(2)

where and .
In region (III), the field is

(3)
where .

Let us relate the fields in regions I and III, by applying the
second Green’s formula [6], [7]

(4)

where the symbol denotes the contour (Fig. 1). The aux-
iliary function, which satisfies the Helmholtz equation in region
I, is chosen to be

(5)

Note that and are linearly independent of each other [5].
The fields on the line are written in a Fourier series on the
interval

(6)

(7)

where and are unknown coefficients.
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Fig. 2. Closed path for contour integration in� plane.

Substituting in (5) and the fields in (6)-(7) into (4) gives

(8)

Similarly substituting , in (5) and the fields in (6)-(7) into
(4) gives

(9)

where , ,
, , and is the Kronecker

delta.
The continuity at yields

(10)

The continuity at between regions II and III is

for

otherwise.
(11)

Taking the Fourier transform of (11) results in

(12)

where .
The continuity at yields

(13)

Substituting (10) and (12) into (13), multiplying (13) by
, and performing integration with respect tofrom

to 0 yields

(14)

where

(15)

We transform into a rapidly-convergent series by utilizing
the residue calculus as

(16)

where ,
when

.
When goes to (half space), it is more convenient to trans-

form (15) into a fast-convergent branch-cut integral. Consider
a deformed contour path shown in Fig. 2. Performing a con-
tour integration, we transform (15) into a pole contribution at

and branch-cut integral along and
associated with a branch point . The result is shown in
(17) at the bottom of the next page. A set of simultaneous (8),
(9), and (14) constitutes the final formulation and must be nu-
merically evaluated for the modal coefficients , , and .
The scattered fields at in region III is then

(18)

where

(19)

, , : integer.
The transmission ( , ) and reflection coefficients in

Fig. 1 are

(20)

(21)

(22)
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Fig. 3. Behavior of transmission (� , � ) and reflection(�) coefficients versus
the normalized frequency(ka=2�) for the oblique parallel-plate waveguide
(a=b = 1, p = 0).

Fig. 4. TEM reflection coefficient magnitude for various� with b!1.

where , : integer, , : integer.
When goes to , the far-zone scattered field at distancefrom
the origin is

(23)

III. N UMERICAL EVALUATIONS

In this section, we show the numerical results to illustrate
the radiation and scattering properties of obliquely flanged

Fig. 5. Behavior of angular radiation pattern(b! 1).

Fig. 6. Reflection coefficient magnitude for� = 60 with b ! 1 (a =
12 cm).

parallel-plate waveguide. Fig. 3 shows the TM wave behavior
of transmission ( , ) and reflection coefficients versus
the normalized frequency . The incident field is assumed
to be (1) with . We check the numerical accuracy of
our approach by confirming the energy conservation

. The number of the modal coefficients used in
(8) and (9) must be large enough to include the propagation
plus several higher-evanescent modes for numerical accuracy.
In Fig. 3, our computational experience indicates that the
rate of series convergence to achieve numerical accuracy is
inversely proportional to the taper angle. When , our

(17)
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TABLE I
CONVERGENCEBEHAVIOR OF jB j AND POWER CONSERVATION ERROR VERSUSn AND TAPER ANGLE � WITH a = 0:3�, p = 0, AND

b ! 1 (m = 0; 1; 2; . . . ; 2n)

transmission coefficient agrees with the E plane T-junction
transmission coefficient in [8]. When , the energy
conservation is satisfied to better than 2% error with and

, indicating a fast convergent rate of our series solution.
However, when , the worst case (7% error in energy
conservation) occurs with and . A variation in

and is less sensitive to a change infor a single-mode
frequency region than for a higher-mode
region . Fig. 4 describes the TEM reflection
coefficient as a function of for three different taper angles

, 30 , and 45 when . Our numerical results
are seen to be in a good agreement with the geometric theory
of diffraction (GTD) solution in [4]. The TM wave angular
radiation patterns are shown in Fig. 5 when . It illustrates
that an increase in the taper angletends to shift a maximum
radiation angle toward 90 . To check the accuracy of our
computation, we compare our result of with the
numerical data of Computer Simulation Technology (CST)
MW STUDIO, which is a commercially available numerical
computation tool. The numerical data based on the CST MW
STUDIO show the TM wave angular radiation patterns (-
plane cut) of three-dimensional (3-D) oblique aperture (aperture
width in the direction: , flange width: ). It is
seen that the numerical data based on the MW STUDIO agree
favorably with our theory except for some discrepancies near
the endfire direction. The discrepancies may be attributed to
the fact that our theory assumes a parallel-plate waveguide

with an infinite flange whereas the MW STUDIO uses a
rectangular waveguide with a finite-sized
flange. In Fig. 6, we compare our theory with the MW STUDIO

which evaluates the reflection coefficient of a 3-D oblique
aperture (WR-975 rectangular waveguide). In order to compare
our theory with the 3-D result, we replace in (1) and
(2) with [9]. The comparison
between our theory and the MW STUDIO result reveals a
good agreement in a single-mode operating frequency band
(0.75–1.12 GHz). Discrepancies between two results become
pronounced in a higher frequency regime beyond the TE
cutoff frequency (1.25 GHz). In what follows, we discuss the
rate of numerical convergence for our computation in term of
the number of modes and the taper angle. Table I shows the
convergence behavior of and power conservation error
versus and the taper angle. As increases, the convergence
rate for slows down and the error in energy conservation
becomes pronounced. In order to further investigate the rate of
numerical convergence, we plot in Fig. 7 the condition number
for the system of simultaneous (9) used in Table I. Note that
the condition number increases exponentially as the number
of modes increases linearly. An increase inresults in an
increase in the condition number, thus indicating an increase
in numerical instability. We also plot the convergence behavior
for the tangential field component for different in
Fig. 8. It is seen that slow convergence in the tangential field

is observed near the acute wedge
while fast convergence is achieved at the other end.

IV. CONCLUSION

TM wave radiation from an obliquely flanged parallel-
plate guide is investigated using the Fourier transform/series
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Fig. 7. Condition number of simultaneous (9) versusn with b ! 1 and
a = 0:3�.

Fig. 8. Magnitude of tangential magnetic field component at the waveguide
aperture with� = �30 , b ! 1, anda = 0:3�.

technique. Rigorous solutions for radiation and reflection are
obtained in numerically efficient forms based on a residue
calculus. Numerical computations are performed to illustrate
the radiation and reflection behavior of obliquely flanged
parallel-plate waveguide. The numerical convergence in our
series solution is discussed in terms of the condition number
and the error in energy conservation. It is shown that our theory
is applicable to the problem of radiation from an obliquely
flanged rectangular waveguide.
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