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TE-Mode Scattering from Two
Junctions in H-Plane Waveguide

Jae W. Lee and Hyo J. Eom

Abstract— An analytic series solution for TE-mode scattering
from two junctions in the H-plane waveguide is obtained. A
Fourier-transform technique is applied to express the scattered
field in the spectral domain in terms of parallel-plate waveguide
modes. The boundary conditions are enforced to obtain simul-
taneous equations for the transmitted field. The simultaneous
equations are solved to obtain the transmission and reflection
coefficients in simple series forms. Comparisons between our
solution and other existing results show excellent agreements. The
behaviors of scattering from two junctions are studied in terms of
frequency and junction geometry. The obtained analytic solutions
are simple series so that they are very efficient for numerical
computation.

I. INTRODUCTION

HE problem of the rectangular waveguide T-junction has

been extensively studied by many investigators [1]-[3]
since Marcuvitz [4] first obtained the approximate solution.
Recently, we have obtained analytic series solutions to the
problems of the E- and H-plane T-junctions [5, 6] utilizing
the Fourier transform and the mode matching method. The
motivation of the present paper is to show the same techniques
used in [5], [6] can be applied to the problem of scattering
from two junctions in the H-plane waveguide. For the sake of
completeness, we assume that two junctions are either short- or
open-circuited. The organization of the paper is as follows: In
Section II, the fields are represented in the spectral domain, and
the boundary conditions are used in Section III to formulate
the simultaneous equations for the field coefficients. In Section
IV, the simultaneous equations are solved to represent the
field coefficients in series form. In Section V, the analytic
expression for the transmission and reflection coefficients
are derived. In Section VI, the numerical computations are
performed to investigate the scattering behaviors. A brief
summary is given in Section VII.

II. FIELD REPRESENTATIONS

Two junctions in the H-plane waveguide are shown in Fig.
1. A TE,-mode E(z,z), which is transverse-electric (TE)
to the z-axis, is incident on the junctions. Here, time factor
exp(—iwt) is suppressed and the medium wave number is
ki(= 2n/X = wy/pe). In region (I) (=b < z < 0) the
total electric field consists of the incident and scattered fields,
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Fig. 1. Scattering Geometry of Two Junctions in H-Plane Waveguide.

Ei(z,z) and E(z,2).

Ej(z,2) = e sink.o(2 + b) 0
E,(w.2)=1/(2r) / (B Qe 4 B (el g
h @

where
Ry =k = ¢ 3)

s : integer 4)

ST
T b
kps = o/ K3 — K2,. 3

In region (Il) (—a < = < @, —¢—b < z < —b) the transmitted
field may be represented as

E';,I(x, z)= Z Cm SiD am (2 + )Y (2) (6)
m=1
where
am = ma/(2a) €)
m = (/K] —a], ®)
o—ibm=
Yo(z) = {sin Em(z+b+4q)

: open-circuited (g — o0)
: short-circuited
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Y, (2) = dYy(2)/dz. (10)

In region (III) (¢ —d < < a+d,0 < z < p) the transmitted
field is

Ef(z,2) = Y dmsinbp(z - a +d)X,(2) (11)
m=1

where b = mw/(2d) (12)

NMm = V k% - bgn (13)

X, () = eJmm= : open-circuited (p — oo)
PR/ 7 Asinnm(z — p) : short-circuited

(14)

X, (2) = dXp(2)/dz. (15)

III. MATCHING BOUNDARY CONDITIONS

To determine unknown coefficient ¢,, and d,,, it is nec-
essary to match the boundary conditions of tangential field

continuities. The tangential electric field continuity at z = —b
yields

Ey(x,—b) = EN(z,~b) |z]<a (16)

=0 |z] > a. (17

Taking the Fourier transform of both sides, we get
{o o) . a A
/ El(z, —b)e™dz = / El(z, ~b)eedz.  (18)
—o0 —a
Similarly the tangential electric field continuity at z = 0 gives

[=°9) a+d
I (T
/ E,(z,0)e g =/
—0 a—d

Substituting (6) into (18) and performing integration with
respect to z, we obtain

1ML, i
El(x, 0)e*®dz.  (19)

[oo]

Bt (Qem ™t 4 By (Qet = mzl e — )
x [l (—1)m — e %),
(20)
Similarly from (11) and (19),
ESH O+ By (O = Z A Xp(0) 73— (@ )
[ (=1)™ —e7H. @1

The tangential magnetic field continuity along (—a < z <
a,z = —b) gives

ikesT 1 OO~ s —ik (15— iK —iCx
bt [ B (e = By (@ e g
m=1

Cm SiN (2 + @)Y, (—D). (22)

Similarly the tangential magnetic field continuity along (o —
d<z<a+dz=0)gives

k‘zé,eik”z COS(kzst‘% / ZKI[E;'F(O _ E”!ZA(O]e—ideC
= z dmsinby,(z — a+ d)XI’J(O).
m=1
(23)

We solve (20) and (21) for E‘;*(C) and E;_(C) Substituting
Ez+(¢) and E3(C) into (22) and (23), we obtain

o0
Z emYq(
m=1

X / k1 cot(rk1b) K2 (a)e™%%d¢

kzseik“z _

o0 o
K1€
+1§-_: X, (0) /_oo sin(k1b)
x K& (b)e™=d(¢
= Z Cm SiD am (x + )Y, (—b) (24)
m=1
koset*=s® cos(k,sb) — Z chq(—b);—:
m=1
™ Kge . z(.td
X ,/_oo sin(k1b) m{a)e ¢

- bm o o
+ 3 dn X (0)32 / 1 cob(rrb)eiS
m=1 et

x K2 (b)e™%dc

=Y dpsinbp(z — o+ d)X;(0) (25)

m=1

where
-1 ueij _ E—i(w

k) = 26)
u=m,n 27)
v=a,b (28)
w = a,d. (29)

IV. DETERMINATION OF c¢,, AND dy,
Note that (24) and (25) constitute the simultaneous equa-

tions for ¢,, and d,,. Multiplying (24) by sina,(z + a) and
integrating with respect to z from —a to a, we get
kzsan ikzaa —ikas
k:;%s 2 [(_1)‘ne s —€ k a]
- a
DR - 3 0
+cn (fb)é)'nm (30)
where
LIpm = / ki1cot(k1b) K5 (a)K, *(a)ds (€2))
—o0
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F\Z]_e JCex

Donm = / b K& (b)K7%(a)ds.

Utilizing the technique of the contour integration, we evaluate
where

(32)

_Jo when n +m = odd
Tinm = {hménm + Tnm Wwhen n 4+ m = even G3)
Iy = gm(snmA + fnm (34)
where
1 when d=aand o 0
A= {0 otherwise 35)
B = —lld - ale”’|d — | - (~1)™|d + ale*|d +a]] (6)
2ray,
hpy = 50—
a2, tan(6.0) e
_ Brnim
= Bsinlnb) Y
Tom = 3 2c08(1m)Tee[l — (—1)™ei=V/k#=n/b)? (39)
=1
< .
frm = ZTng[(_l)m+nechd~a+a\ _ (‘l)mei(|d+a+a|
=1
_ (_l)nei(jla—a—d] + ei(|a+a—d|]ls
= /ki? — (em/b)? (40)
r —i2n(lm /b)?
T R (n J0)2bu2, — (I /b)2][v2 — (Im /b)?] cos(ir)
41)
u,v=§17. 42)

Multiplying (24) by sin b, (z — o + d) and integrating the both
sides with respect to z from « — d to « + d, we get

ks co8(k5b)by ethes

[(_1)neikud _ e—ik“d]

k2, — b2
Z Y( b I3nm Z d X, (0) I4nm
+d dX; (0) nm (43)
where
© greie —d
I nm — " a b)d 44
o= [ FESKLOK 0 @
Linm = / kicot(x1b)KS (b) K 4(b)ds (45)
I3nm and Iy, are evaluated to give
I3nm = gmﬁnmA + tam (46)
I h mOnm + Znm When n+ m = even
dnm = when n + m = odd
@7
where

Zpm = ZZcos(lw)Tnnl — (=) \/ki2 = (in [b)?
=1
(48)

1)m+neic)—d+a—a| _ (_l)meig‘ld+a—a|

tam = ZT&)[(—
=1
_ (_l)nei(l—a—a—zﬂ + ei(|—a—a+d|]!8
= vVki? — (em/b)2.

Substituting (33), (34), (46), and (47) into (30) and (43), we

obtain
U W[ |C] _ [T
Uy Ty |D| |y
where C and D are column vectors consisting of elements

¢m and d,,, respectively, and ¥, ¥y, U5, U, 'y and T, are
matrices whose elements are

(49)

(50)

= o &YYoy _p)antmTom
rom = o ZE )] 5, 47, () 22
= 906, + ) (51)
_ Bré A brman frm
¢2,nm = —XP(O) ZSin‘fnb nm — Xp(O)T
= 95 6 + Y (52)
_ Bmén -
¢3,nm_Y( b)2 € b Yq( m
= 908, + wé” 53)
— _q| "% _ _ x,(0)bmbnznm
¢4,nm =—d tan?’]nb Xp(o) 6nm Xp(o) o
= D 6mn + o)
kzsan[(—l)neik“a _ e—ik“a]
= 2-a Y
kosbpcos(k, b)eth=a[(—1)neiksed _ g=ikasd
= K2, - 82
(56)
Solving (50) for C and D,
C = (¥ — U0 03) Ty — T 07'0y)  (57)
D= (¥, - \111\113 W)U - U 0,). (58)

In high-frequency regime (w — oo, ie., kb — o) and
A =0, ¢, and d,, reduce to the Kirchhoff solution in closed
forms,

(59
(60)

Cm = 'Ylm/wg())
dm = 72m/'¢74(10)'

V. DERIVATION OF REFLECTION
AND TRANSMISSION COEFFICIENTS

It is of interest to obtain the reflection and transmission
coefficients in analytic forms. In region (I) the total scattered
field is given by (2)

N 1 = a
where E;+(O = m Z Cmam Yq(—b) Ky (a)
m=1

= €18 3" by X, (0)e™ K2 (b)
m=1

(61)
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Fig. 2. Comparision of Transmission (Tl and 77)and Reflection Coeffi-
cients (p)versus Normalized Frequency (k1b/(27)) (b/a = 4, dfa = 1,
p=g=o00,85=2 a=0).

Ey(¢) = Z CmamYy(—=b) K, (a)

24 sin mb

—gTixab Z dmbm X, (0)e K2 (b) .
m=1

(62)

By use of residue calculus, we evaluate total transmitted
and reflected fields at z = +oc in region (I),

E,(+00,2) = Y Lsink,,(z + b= (63)
where
kib .
1<v< v integer (1,2,3,...) (64)
ha = = (65)
ko = (/K3 — k2, (66)
mYy il
Z e Yy (—b)— kwb(k iy
[ :|:chm (—l)m _ :mkua.]
bk yyeTikeva

— idm X, (0) ™ z';

[ej:lk“ (_l)m _ eq:ik”d]’ (67)

Let the time-averaged incident, transmitted, and reflected
powers be denoted by P;, P, Py and P, as shown in Fig,
1, then the transmission (71,7, and 73) and reflection (p)
coefficients are

=Pu/Pi= 1+ L7+ = k. |LE?  (68)
] s
1 -2
p=F/Pi=— Z kau|Ly | (69)
2a 2
T2 = Pt?/Pi = m ;Eml'cwﬁd (70)

2d 2
73 :Pt3/Pz' = mznm2|dn12| (71)
ma
where
2ak
1<ml < ——= iy ml : integer (72)
m
2dk, .
1<m2< m2: integer (73)
1<y < @ v : integer. (74)
ki

VI. NUMERICAL EVALUATIONS

We first verify the numerical accuracy of our computation
in Fig. 2 when the TFE;-mode is incident on the cross
junction. Fig. 2 shows the comparision of our 77,79, and p
to the results of [3], confirming excellent agreements between
two results. We next check the convergence rate of c,, and
d.n, by tabulating |c,,, Y, (=b)|, |d X,(0)|, and their energy
conservation characteristics (p + 71 +72) in Table I when p =
0.2\ and ¢ = oo. Note, that our result in Table I satisfies the
energy conservation check |1.0 — (p + 71 + 73)| < 107¢ when
six modes are used in the computation. Our computational
experience shows that the number of modes m to be used
for the evaluation of ¢,, in (57) must be at least 2ak; /7 to
achieve the numerical accuracy. This means that the series
expression c¢,, and d,,, given in (57) is very fast convergent
and numerically efficient. Fig. 3(a)-(c) show the behaviors
of 71,79, and p versus p, respectively when the TE; mode
is incident on the T-junction with a short-circuited junction
(i.e., shorting plunger). It is interesting to note that when
p = 0.27X and o = —0.75) the T-junction almost acts like
an ideal power divider (11 = 72 = 0.49,p = 0.02). Fig. 4
shows the behaviors of 77 versus the normalized frequency
k1b/m when the T'E; mode is incident on two short-circuited
junctions. It has been experimentally verified in [7] that the
rectangular waveguide with a short-circuited junction can be
used as a band-stop filter. In Fig. 4, we show the effects of
the length (p) variation on the band-stop filter characteristics.
When p = 0, our computation agrees with the result in [7].
As p increases, the center frequency of the band-stop filter
tends to slightly decrease and its bandwidth becomes narrower.
This implies that a simultaneous use of two short-circuited
junctions in the rectangular waveguide enables us to realize a
notch filter with a very high Q. Fig. 5 shows the behaviors of
71, T2, and p versus the normalized frequency k;6/m when the
TE, mode is incident on the H-plane cross-junction. There
exist abrupt changes in 71,7, and p whenever an inset of
the new higher modes takes place at k1b/7m = 2,3,---. It is
seen that most of P; is transmitted through the waveguide
(i.e., 71 > 0.7), indicating that the H-plane cross-junction can
not be considered a useful power divider. We also evaluate
scattering from two open-circuited junctions in the H-plane
waveguide. Note that our solution is irrespective of «, different
from cascading the solutions of two independent 7-junction
in [5]. This difference is attributed to the fact that cascading
the solutions in [5] can not account for multiple reflections
occurring between two junctions.
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Fig. 3. Behaviors of TransmissionCoefficient (7;)versus p for Different
albfa=2,dfa=1,q=00,5 =1, kib/r = 1.55)(b) Behaviors of Trans-
mission Coefficient (72 )versus p for Different a(b/a = 2, dfa =1, ¢ = o0,
8 = 1, k1b/® = 1.55)(c) Behaviors of Reflection Coefficient (p)versus p
for Different a(b/a = 2,dfa = 1,¢ = 00,s = 1,k1b/m = 1.55).

VII. CONCLUSION

The problem of two junctions in the H-plane waveguide
is analytically solved. The Fourier transform method is used

TABLE 1

605

BEHAVIORS OF ¢y, dm, AND ENERGY CONSEVATION VERSUS m

(b/a=1,dfa=1,p=0.2\,¢=

oos =1, = 0,k1b/7 = 3.05)

m lem Yq(=b)| |dm Xp(0)] ptmtn
1 0.142635 0.141627 1.52339
2 0.0811674 0.0467924 1.51798
3 0.599700 0.213364 1.00498
4 0.165912 0.107966 1.00604
5 0.0250421 0.0263598 0.995647
6 0.0410783 0.0354237 1.00000
0
2+ 4
4
-6F
1 (dB) N i
-10F =0 J
= 0.182
12f ]
= 0.363
-14}F 4
-16F ]
18t ]
20
1.4 15 16 17 18 19 2 21

klb/‘rr

Fig. 4. Bebaviors of Transmission () Coefficient versus Normalized
Frequency (k1b/#x)(b/a = 2.07,d/a =1, ¢/a =0.526, s =1, @ = 0).

T, T2, T3, P

(dB)
-1

-p . )

ol ~—

) 15 2 25 3 35 4
kib/m

Fig. 5. Behaviors of Reflection (p) Transmission(r; and 75) Coefficients
versus Normalized Frequency (k1b/%)(bfa = 2, dfa = 1, p = ¢ = oo,
s =1, a = 0).

to obtain the solution (57) in simple analytic series form.
The numerical computations are performed to illustrate the
behaviors of scattering in terms of the junction size and
frequency. It is demonstrated that the 7T-junction with a
shorting plunger may be used as an ideal power divider. It
is also shown that the waveguide with two short-circuited
junctions can be used as a notch filter with a very high Q.
The reflection and transmission coefficients given by (68)-
(71) are analytic closed-forms so that they are very efficient
for numerical evaluation. The present approach may be easily
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extended to the problem dealing with scattering from more
than two junctions. The size of matrix and the computational
amount for N-junction scattering problem will become N2
times that of single-junction scattering.
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